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Ana ly t i c  r e l a t i o n s  a r e  ob ta ined  fo r  d e t e r m i n i n g  the  s t ab i l i t y  of t h e r m o e l e c t r i c  d e v i c e s  and hea t  
e x c h a n g e r s  wi th  hea t  s o u r c e s  whose  s t r eng th  is  a l i n e a r  func t ion  of t e m p e r a t u r e .  

The  s t a t i o n a r y  t e m p e r a t u r e  d i s t r i b u t i o n  of  a hea t  e x c h a n g e r  whose  wal l s  con ta in  s e m i c o n d u c t o r  t h e r m o e o u p l e s  
was  i n v e s t i g a t e d  in [1]. It is  r e q u i r e d  to d e t e r m i n e  w h e t h e r  the  a s s u m e d  s t a t i o n a r y  r e g i m e  can a lways  be e s t ab l i shed .  
In fac t ,  as  wi l l  be  shown be low,  the  p r e s e n c e  of a hea t  s o u r c e  of v a r i a b l e  s t r e n g t h  m a y  l e a d  to  in s t ab i l i t y  of the 
s y s t e m ,  i . e . ,  to a mono ton ic  r i s e  in t e m p e r a t u r e .  

In ana lyz ing  the  s tab i l i ty  of t he  s y s t e m  we m a k e  the  s a m e  b a s i c  a s s u m p t i o n s  as in [1]. M o r e o v e r ,  i t  is  a s s u m e d  
tha t  the  wal l  of t he  hea t  e x c h a n g e r  i s  su f f i c i en t ly  th in  and i ts  hea t  c a p a c i t y  neg l i g ib l e  as c o m p a r e d  wi th  t:hat of the  
hea t  t r a n s f e r  f lu ids .  

We c o n s i d e r  the  c a s e  of e o u n t e r c u r r e n t  f low. Taking into account  the  v a r i a t i o n  of the entha lpy  of the f lu ids  in 
t i m e ,  we can  w r i t e  the s y s t e m  of equa t ions  fo r  the  t e m p e r a t u r e s  of the  f lu ids  r l ,  2 and the  wal l  s u r f a c e s  r ' l ,2  in t he  f o r m  

O'q , 0 %  
O~ " ~  = Ni(TI---'~i), 

0% 0% 
v - N ,  (-~ - -  -r~); (1) 

o o  o ~  

Bi 1 ('q - -  1:1) = vT i - -  0,5v ~ - -  ('~ - -  '~;), 

Bi 2 (,~ - -  ,~) = v,~ + 0,5v = - -  (,~ - -  *i). (2) 

H e r e ,  i t  i s  a s s u m e d  that  Y -< 1 (i. e . ,  v x -> vl) .  O t h e r w i s e  it i s  n e c e s s a r y  to  i n t r o d u c e  the i n v e r s e  v e l o c i t y  r a t i o  y * = 
= v2 /v  1 into the  f i r s t  equa t ion  of s y s t e m  (1); t h i s  subs t i tu t ion  d o e s  not  af fec t  the r e s u l t  of  t he  s t ab i l i t y  a n a l y s i s .  The 
r e l a t i o n s h i p  b e t w e e n  v t and v a m u s t  be  t aken  into account  in o r d e r  to  c a l c u l a t e  the d i m e n s i o n l e s s  t i m e  wi th  r e s p e c t  to 
t he  m a x i m u m  f low ve loc i ty ,  which m a k e s  it p o s s i b l e  to u s e  an o p e r a t i o n a l  me thod  of solut ion.  

We a s s u m e  tha t  at the  in i t ia l  i n s t an t  the t e m p e r a t u r e  of both f lu ids  is cons tan t  a long the length  of the  hea t  
e x c h a n g e r  and equa l  to the  t e m p e r a t u r e  at the  point  of a d m i s s i o n ,  w h e r e  it  i s  kept  cons tan t  in t i m e :  

(3) 

To s o l v e  the  p r o b l e m  of the  s t ab i l i t y  of the  t e m p e r a t u r e  r e g i m e  we u s e  the  L a p l a c e  t r a n s f o r m  method ,  a f t e r  f i r s t  
e l i m i n a t i n g  the  v a r i a b l e s  TT 1 and Tt2 f r o m  the  s t a r t i n g  equa t ions .  With (3) taken  into account ,  the  t r a n s f o r m e d  func t ions  
~l ,2(~,p) should  s a t i s fy  Eqs .  (4) and the  boundary  cond i t ions  (5): 

O~ + P + - - F  - [ B i 2 ( l + v ) - ' v 2 ]  }_ N~Bi~_F__ ,--N~'v 2 . , *2 = ' 1 o +  ~ - ( B 1 2 - - v T 2 ) ,  

(4) 

O~ + Y,P+~-[Bi l (1- -v) - -v  2] ~2 N2Bi l -  
- -  - - F -  xl = ~"c2o - v  

, N~'v 2 (Bi~ -q- 'v + 2 ) ; .  
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 k=o = 
P P 

(5) 

where 

Y - BitBi~ + Bit + Bi~ + ~ (Bi~ - -  Bi~) - -  v ~. 

The solution of sys tem (4) for ~ (~, p) can be wri t ten in the form 

z-1 (~, P) = { A (p) sh I / Y~ (p) -:- c~ + 

+ Btp) sh 1, Y~(P)--a~(1--~)} exp [X(p) ~] -]- R(p). 

Here, we have introduced the notation 

X (p) = - -  I { p (1-- y) + I [ N~ Bi2 - -  N~ B ~ + 

+ v (N~ Bi~ + N~ Bi~) + v ~ (N~ - -  N~)] }; 
g 

1 { 1 [N1 Bi~-" N2Bix + Y ( p ) = - ~  p ( l +  y ) +  ~ -  

+ v (N1 Bi,  - -  N, Bi~) - -  v ~ (N~ + N~) 1 }; 

R (p) = -L (p). 
M(p)' 

2 7 �9 M (p) = pF (p~ ~ F + p IN~ [Bi~ (1--  ,)  - -  ~ !  + ~ N1 [Bi2 (1 "-~)--v~ll - -v  N~A~), 

A(p) = N (p) [M (p) sh V ~ ( p )  - ~ [Y (p) sh [/Y~(p)--a ~ + 

+ ,. Y'(p~:--~ ch V ' ~ ]  }-~; 

B (p) = P (p) - 
M (p) sh V Y~ (P) -a'z 

a~ N,N~ Bi~Bi~ 

F~ 

(6) 

The functions L(p), N(p), P(p) are  ent i re  and t ranscendenta l  (the express ions  have been omitted because of the i r  
c lumsiness) .  

The r ight  side of Eq. (6) is a unique function of p sat isfying the condit ions of Jo rdan ' s  l emma.  This makes  it 
possible ,  in going over to the t ime  region, to use a closed integrat ion path in the plane p and employ the res idue  
theorem.  The mul t ip l i e r  in the form exp[X(p)~] de t e rmines  the var ia t ion  of rl(~,~) along the ~-coordinate  and also the 
t ime  lag, which depends on the ~-coordinate,  and does not affect the stabil i ty.  The poles of express ion  (6) are  the point 
p = 0, which de t e rmines  the s ta t ionary dis t r ibut ion ri(~), and the roots of the equation 

Y (p) sh ! Y~ (p)--&- + I y2 (p)__ff2 ch ! y2 (p)__ff2 = 0. (7) 

Thus, the s tar t ing  sys tem is stable if the roots  of Eq. (7) have a negative rea l  part .  An equation of type (7) is 
fundamental  to the solution of the stabil i ty problem not only for the rmoelec t r i c  devices but also for heat exchangers  
with in terna l  energy sources  of another nature ,  for example, in the case of heat r e l ea se  due to chemical  react ions  in 
the fluid. In [2] an at tempt was made to examine the stabil i ty of a heat exchanger with a chemical  heat source 
proport ional  to the t empera tu re .  However, the author only hints at the possibi l i ty  of an unstable state without giving 
the cor responding  c r i t e r i a .  

Obviously, Eq. (7) has a root at the points y2(p) = a2, which correspond to the two values  of p: 

p~_ - ! - - (N1 Bi2 + N2 Bia) - -  v (N~ Bi 2 - -  N2 Bi0  @ v2 (N1 @ N2) :~ 

• 2 ; NaA'2 BilBi2] [(1 + y) F] -1. (S) 
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The condi t ion  F > 0, which  l i m i t s  the  c u r r e n t  dens i ty ,  i s  a lways  s a t i s f i e d  f o r  actual  t h e r m o e l e c t r i c  coo l ing  

d e v i c e s .  Then f r o m  (8) t h e r e  fo l lows  the  n e c e s s a r y  condi t ion  of s t ab i l i ty  

v 2 (N~ ~- N2) - -  v (N~ Bi2 - -  N~ Bi~) - -  ( N~ Bi~ - -  N~ Bix) 2 < 0.  (9 )  

We show that  the o the r  r o o t s  of Eq.  (7) l i e  in the  p lane  p to  the  l e f t  of the roo t  Pl and, hence ,  that  inequa l i ty  (9) 
is a l so  a su f f i c i en t  condi t ion  of s t ab i l i ty .  

We i n t r o d u c e  the nota t ion  (y2(p) _ a2)t/2 = a + b i ,  Y(p) = c + di ,  w h e r e  a, b, c ,  d a r e  a r b i t r a r y  r e a l  n u m b e r s .  It i s  

e a s y  to show tha t  f o r  the  r o o t s  of Eq.  (7) 

exp (4a) = 

M o r e o v e r ,  by de f in i t ion  

a 2 + b 2 + c 2 + d 2 - - 2 a c - 2 b d  

a ~ + b  2 + c  2-':-d 2 + 2 a c + 2 b d  
(io) 

c 2 - -  d ~ - -  c~ ~ = a 2 - -  b 2, (11) 

cd = ab. (12) 

F o r  n o n z e r o  a, b, e and d f r o m  r e l a t i o n s  (12) and (10, r e s p e c t i v e l y ,  t h e r e  fo l low the  s ign  r u l e s  s ign  {ac) = 
= s ign(ac  + bd) and - s ign  a --- s ign (ac  + bd), whence  c < 0. At  HeY(p) < 0 t he  c o r r e s p o n d i n g  r o o t s  of Eq.  (7) l ie  in the 
c o m p l e x  p lane  to the  l e f t  of t h e  roo t  Pi" When s o m e  of the  q u a n t i t i e s  a,  b,  c and d van i sh ,  t h e r e  a r e  two p o s s i b l e  c a s e s  
of s a t i s f a c t i o n  of Eqs .  (10), (11) and (12): 1) a =  0, b =  0, d =  0; 2) a = 0 ,  b ~ 0 ,  d = 0 .  The  f i r s t  of t h e s e  g ive s  fo r  
Eq.  (7) the  known p a i r  of r oo t s  Pl,2, and the second  r o o t s  ly ing  to the  lef t  of the roo t  pl. Th i s  p r o v e s  t he  s u f f i c i e n c y  of 
cond i t ion  (9). 

Inequa l i ty  (9) i s  s a t i s f i e d  on the  i n t e r v a l  0 < g < v o. It i s  conven i en t  to w r i t e  the  m a x i m u m  c u r r e n t  dens i ty  v 0 

p e r m i s s i b l e  for  a s t ab le  s y s t e m  in t e r m s  of the  w a t e r  e q u i v a l e n t s  W1, z of the f lu ids  and the p a r a m e t e r s  ~l = (Bil) -1, 

fi2 = (Bi2)-I : 

v0 = 1 [~, t~ l+  ~ l~.l -I {1~--~1 + [ (7 / , - -~3  ~ + 

1 

+ 4(~i W~ + ~ W~) ( ~ W ~ - - ~  W,) ~1 K}. (13) 

The  va lue  g 0 c o i n c i d e s  with the  c u r r e n t  de f in ing  the l i m i t  of o c c u r e n c e  of a p e r i o d i c  s t a t i o n a r y  t e m p e r a t u r e  
d i s t r i b u t i o n  a long  the  l eng th  ~ (Eq. (13) of  [1]). Ac tua l ly ,  owing  to t he  in s t ab i l i t y  of  the  s y s t e m  such a s t a t i o n a r y  
t e m p e r a t u r e  d i s t r i b u t i o n  cannot  deve lop .  

When W 1 = W 2 g 0 = 0; t h e r e f o r e ,  in the  p r e s e n c e  of a s y m m e t r i c a l  f low o v e r  the wal l  of the  hea t  e x c h a n g e r  the  
t e m p e r a t u r e  r e g i m e  is  a lways  uns t ab le .  An e x a m p l e  of an uns t ab l e  s y s t e m  with  s y m m e t r i c a l  f lows  is  the  r e g e n e r a t i v e  
hea t  e x c h a n g e r  c o n s i d e r e d  in [3], which,  as  fo l lows  f r o m  the above  r e a s o n i n g ,  cannot  o p e r a t e  as a coo l ing  dev i ce .  

The  r e g i o n  of s tab i l i ty  fo r  a p a r a l l e l  f low can be s i m i l a r l y  ana lyzed .  It  is found that  the p a r a l l e l - f l o w  hea t  
e x c h a n g e r  is  a s t ab le  s y s t e m  at any v a l u e s  of the  p a r a m e t e r s .  

The  t r a n s i e n t  r e g i m e  in c o u n t e r  f low hea t  e x c h a n g e r s  is  c h a r a c t e r i z e d  by t e m p e r a t u r e  o s c i l l a t i o n s ;  in the 
uns t ab l e  r e g i m e  the ampl i t ude  of  the  o s c i l l a t i o n s  i n c r e a s e s  wi th  t i m e .  Under  ac tua l  cond i t ions ,  an indef in i t e  i n c r e a s e  
in t e m p e r a t u r e  i s ,  of c o u r s e ,  p r e v e n t e d  by the  f in i te  p o w e r  of the  c u r r e n t  s o u r c e  and hea t  l o s s e s  to the  s u r r o u n d i n g  
m e d i u m .  

NOTATION 

T ~ zT is the dimensionless temperature; T is the temperature in the fluid flow; T' is the temperature of the 

junctions; T o is the inlet temperature of the heat-transfer agent: z = az/ph; a, X, p are the reduced thermal emf, 

thermal conductivity, and resistivity; S, d, and l are the area, thickness and length of module; ~ = x/l is the 

dimensionless coordinate; x is the coordinate along the flow; v = (ad/h)j is the dimensionless current; j is the current 

density; Bil, x = I/fii,2 -- al, 2 d/k is the Blot number; a is the heat-transfer coefficient with allowance for the radiator 

831 



JOURNAL OF ENGINEERING PHYSICS 

per unit  a rea  of the module;  N1, 2 = Sal,2/Wl, 2 is the d imens ion less  a rea ;  W is the water equivalent  of the flow; 4 = tv l /d  
is the d imens ion less  t ime ;  t is the t ime;  v~, 2 a re  the flow veloci t ies ;  7 = 1/~/' = v J v  2. The subscr ip ts  1 and 2 re la te  to 
the cooled and heated hea t - t r an s f e r  agents, respect ively .  
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